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Abstract—In this article we define some aggregation operators 
for bipolar-valued hesitant fuzzy sets. These operations include 
bipolar-valued hesitant fuzzy ordered weighted averaging 
(BPVHFOWA) operator, bipolar-valued hesitant fuzzy ordered 
weighted geometric (BPVHFOWG) operator and their 
generalized forms. We also define hybrid aggregation operators 
and their generalized forms and solved a decision-making 
problem on these operation. 


Keywords—Bipolar-valued hesitant fuzzy sets (BPVHFSs), 
bipolar-valued hesitant fuzzy elements (BPVHFEs), BPVHFOWA 
operator, BPVHFOWG operator, BPVHFHA operator, BPVHFHG 
operator, score function and decision making (DM). 


I. INTRODUCTION 


At any level of our life decision making plays an essential 
role. It is a very famous research field now days. Everyone 
needs to take decision about the selection of best choice at any 
stage of his life [1, 19, 20]. Using ordinary mathematical 
techniques, we are not able to solve DM problems . 


To deal with problems related to different kind of 
uncertainties, L. A. Zadeh [39] in 1965 initiated the concept of 
fuzzy sets (FSs). After his idea of FSs, researchers started to 
think about different extensions of FSs and some advanced 
forms of FSs have been established. Some of these extensions 
are interval-valued fuzzy set (IVFS) [5], intuitionistic fuzzy set 
(IFS) [1], hesitant fuzzy set (HFS) [22] and bipolar-valued 
fuzzy set (BVFS) [15] are some well known sets. Later on 
these new extensions of FSs have been extensively used in 
decision making [5], [16], [27] [28]. 


As different advanced forms of FSs came one after another, 
scientist started to merge two kinds of fuzzy information in a 
single set. The idea was quite useful and some very interesting 
extensions of FSs have been defined. These extensions include 
intuitionistic hesitant fuzzy sets (IHFSs), inter-valued hesitant 
fuzzy sets (IVHFSs) and bipolar-valued hesitant fuzzy sets 
(BVHFSs). The idea of merging different kind of fuzzy sets 
was quite useful and very shortly some new advanced forms of 
FSs have been established which are inter-valued intuitionistic 
hesitant fuzzy sets (IVIHFSs), cubic hesitant fuzzy sets 
(CHFSs) and bipolar-valued hesitant fuzzy sets (BPVHFSs). 
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Tahir M [25] introduced BPVHFSs, a new extension of FSs and 
a combination of HFSs and BVFSs. BPVHFSs have affiliation 
functions (membership function) in terms of set of some 
values. The positive affiliation function is a set having values 
in the interval [0, 1] which conveys the satisfaction extent of an 
element belong to the given set. While the negative affiliation 
function is a set of some values in [-1,0] which conveys 
the negative or counter satisfaction degree of an element 
belong to given set. Tahir M [25] defines some basic 
operations for BPVHFSs and proved some interesting results. 
He also defines aggregation operators for BPVHFSs and then 
used these operators in DM. 


In our article, we apply some order on previously defined 
bipolar-valued hesitant fuzzy weighted averaging and weighted 
geometric operators by defining bipolar-valued hesitant fuzzy 
ordered weighted averaging and bipolar-valued hesitant fuzzy 
ordered weighted geometric operators along with their 
generalized operators. We also defined some hybrid 
aggregation operators on BPVHFSs along with their 
generalized forms. Finally, we did solve a DM problem using 
these newly defined aggregation operators and get very useful 
results. 


This article consists of 4 sections with section one as 
introduction. In section two we recall the definition of 
BPVHESs, their properties and some aggregation operators of 
BPVHFSs. Section three contain BPVHFOWA operators, 
BPVHFOWG operators, BPVHFHA operators and BPVHFHG 
operators. We also solve some examples on these defined 
operations. In the last section, we solve a DM problem using 
the defined operations in section three. Finally, we finish our 
article by adding a conclusion to it. 


I]. PRELIMINARIES 


This section consists of the definition of BPVHFS and 
some aggregation operators on BPVHFSs. We also add some 
properties of BPVHFSs to this section and we recall the 
concept of score function for BPVHFSs. 


240 


A. Definition 1: [25] 
For any set X, the BPVHFS % on some domain of X is 
denoted and defined by: 
B = tk, (b* (x), E A 


where 6": X > [0.1]is a finite set of few distinct values in 
the interval [O, 1]. It conveys the satisfaction extent of 


“y” corresponding to BPVHFS © and Œ :4—>[-L9lis a 
finite set of few distinct values in the interval [-1, OJ]. It 


6G, 699 


conveys the implicit counter or negative property of “x 
corresponding to BPVHES ®. 


Here = {Ebt (x), Fb GÖ} is a BPVHEE. The set of all 
BPVHFEs is denoted by ®. 
Consider two BPVHESs: 


T= {Cs (+ 969), bg): € a} 


= {5 (Hb* p 09. (E7 00) € a] 
_ The set ee for BPVHFSs are defined as: 
TUB = {7 E Bgl) U By (ky): b+ g U gk), (Bg U 
Eb" 5. )(x)} 
YB ={7 E Welk) U by O): b+ a N b+ pG). (Bg N 
SLC p p 
(21) = {Cs (E* g0) (60) ):« € a} 
(Ho*g()) = {1 - i: e * 969) 
(E709) = {-1— 1:3 E b gk)} 
[TEB] G) = fu +i aia y E b yl), E 
Ie peg}, G2, k 2, E b gih 2, E b pi 
(HOB) (x) = fri: 4, E Eh* gly), E Bt g(x), -h — 
4, —4,5;): Eb g(x). 4, € bg {kk} 
for any p> 0 
Poo = {1 — G0 -WP 24 e btg. —( T ): T © Eb gig} 
(x) = fy": © Ht g(s).-1-(-(-C1-)"):4€ 


B. Definition 2: [25] 
Let ia ü = = 1,2,3,4 n} be a set of BPVHFEs and let 


a = (w q: Ü a 4 an CO a be the WV of 
Hb; (7 = 1,2,3,4 ..n)} with w, € [0,1] and 41-11 = 1 then 


1. BPVHFWA Operator is a function Y" — W such that 
l n 
EPVHFWA(H,, Ba n a) = RA (w H] 
= g 
=: f -| |G = a tg E Hj L-Eo 7, Ebi | 
, i=1 i=i 


2. BPVHFWG Operator is a function Y" — W such that 
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BPVHFWG (Hy,, Hh, ... by) = ® (m) 


fose feee henh 


3. A GBPVHFWA Operator is a function 4" — ¥ such 
that 


i 


-A -J Je- p) y seme] (Ù (- (e wmf sem 


with p > 0 
4. A GBPVHFWG Operator is a function #" — such 
that 


GEPVHFW G,-(Hy,, Fy, = Hon) = 2(@(o%)"') 


+ -(: -[]¢- (1—-4)° yy aen} [L-es] aa 


with p = 0 


C. Definition 3: [25] 
Let Hh =< bt, Ib = be a BPVHFE, then the Score 


function (Accuracy Function) of E is denoted and defined by: 
S(b) = n Ge + oh) 


z 


where f ispthe sum of elements of “ange is teer of 


elementsof , * is the lengthof and 
D. Remark I; [25] 


Length of Hb* and Ib- are not necessarily equal. 

For two BPVHFEs Hb, and Hb, if 
§( Hb) = 5(H,)}, 

then Hb, is said to be minor than Hb, i.e. Fb, < H. 
S(b) > 5 (Fb) 

then 1 is said to bigger than 2 i.e. i > Iba, 
5C Hb.) = 5 (bz) 


then H1 is indifferent (similar) to Œz denoted by Hı ™ a, 


Ill. ORDERED WEIGHTED AND HYBRID OPERATORS FOR 
BPVHFSS 


In this section, we define BPVHFOWA operators, 
BPVHFOWG operators, BPVHFHA operators and 
BPVHFHG operators. We also explain these operations with 
the help of examples. 
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Definition 4: 


Let Hj = 1,2,3,4...) be a set of BPVHFEs and Psi 
the mn largest among them. Let 
wo” = o p a gy y a al be the aggregation associated 


weight vector of WG S Lidt) with 31 € [01] 
and Zim 2 = 1 Then 


1. ABPVHFOWA qperator isa 
function BPVRFOW a: P , such t that 


BPVHFOWA(H,, Bb, ... iis ® (7 


2. <A BPVHFOWG operator is a function 
BPVHFOWG :¥" = Y such that 


BPVHFWG (b, Ibn.. „bal = ® (egy) 


sry) 


1.1.1. Theorem 


Let iG = 1.2.5.4...) be a set of BPVHFEs. Then their 
ageregated value determined by using BPVHFOWA operator 


or BPYHFOWG, a : isa MEE and 


fafa- Tow € Hod Tf To E bzy J 


n n wy 
BPVHFWG (Bb, Hby, «Fb,) = IG ip E by H-[ [ees joes 
1.1.2. Definition E 
Let Hi = 1.2.3.4...) be a set of BPVHFEs and Pei 


hei” 


Let w = = (w" qa “gs te ER gem air aF be the aggregation 
associated weight vector of tb (i = =1,2,3,4..0) with 


a; i € (0.1) ang $ra“ = 1 Then 


l. A  GBPVHFOWA operator is a 
GEPVHFOWA:¥" —> Y, such that 


Aiii Hy, ... Hp) = 


(e G s)Ý 


with p > 0 
Jona"). Tei E bja | 


lite (-1- (-(Crea) D} a : 


2. A  GBPVHFOWG operator is a 
GEPVHFOWSG: WY” — Y, such that 


GBPVHFOW G,- (b. Iba ... by) = 
rf %e . a 
+(@(> Hew) ') 


withp > 





largest among them. 


function 


function 
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i - (: - 1] 1- (- F). “ew € «| 
-(,(Ce-cerory"f) oes 


Example 1: 


Let H, = {{0.1, 0.2}, {-0.3, —0.2}}, 
Hh, = {{0.5,0.6}, {-0.2, —0.1} 
and Fb, = {{0.9,0.8}, {—0.2, —0.1}} be three BPVHFEs and 


1 
let « = (0.3, 0.5, 0.2)7 be the aggregation- associated weight 
vector. Then 


sb) = (Si, + fa,) = 
(—0.2)) = Od 
sb) = = (6d, + 8, =; (0.5 + 06+ (—02) + 
(—0.1)) = as 


~(0.1+0.2+ (03) ~ 


Sba) = z (Si, +n l= (094+ 08+ (02) + 


(—0. a7 
Clear Jsa 


§( Hb) < S(Ebz) < S(Hbz) 


Fbst = bb, = {£0.5, 0.6), {-0.2, —0.1}} 


Iba) = He = {f0.9, 0.8}, {-0.2, —0.1}} 
Beta) = Hh, = {{0.1, 0.2}, {-0.3, —0.2}} 


, a k’ 
GBPVHFOW A, (b,b, Ib, ) = B (wIb,t) 
I—1 z j 


T ja-a -Wa -a a), 
{-(Cen)"6.)"*-e) 


= {f0.749499, 0.754354, 0.644324, 0.652605, 0.764784, 0.77026, 0.667355, 0.675099} {-0.21609, -0.2, 
0.15337, 0.14142, -0.1761 7, -0.16245, -0.12457, -0.11487}} 


| : 
GBPVHFOW A, (ib. Ibn. Hb, ) = (ê C) 
i= i 
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h-a- Fa- - u f(-a-a- a-ra- 


= LI 
54 €Fby, 22 €tby.45 Ebs Sy Fg by Eiby ty Eibs 


1 — -W0 a-a}, 


bije 


g 


= 
2 


{H- 
))((--- - (-(a-( (er) (-(- _ 
(cory) (CH e) 


| Ke 
(e) : 


a (or) 


lo, 3683, 0.370241, 0.258863, 0.26114, 0.393151, 0.385046, 0.276287, 0.278511}, 
= {f0.412435, 0.494075, 1403908, 0.48297, 0.432031 0.520179, 0.422597, 0.500084}, 0.02543, 9.0202, 


{-0.56486, -0.51506, -0.53946, -0.49564, -0.52151, -0.46674, ~0,49248, -0.43439}} 4.01 79,0.01264, 102082, -0.81567,—-0.01336,—0.00807}} 
; It seems that BPVHFWA, BPVHF WG, GBPVHFWA and 
GBPVHFOW G, (Hy, Ibp Ib; ) = i GBPVHFWG operators concern with the weight of BPVHF 
BPVHFOWG (Hb, Hb, Ib, ) = 2 (Ebri Ji argument and have no concern with their order. On the other 


hand BPVHFOWA, BPVHFOWG, GBPVHFOWA and 

GBPVHFOWG operators deal with the weight of the ordered 

f1) a}, f1- position of each given argument and give no importance to 

hg CH ip 23 Elbz argument itself. Therefore we need to introduce the hybrid 


| yo hea ageregation operators for bipolar-valued hesitant fuzzy 

(- (- (-1 E ))) (-(-1 7 Ca))) (-(-1 7 arguments. These newly defined hybrid aggregation operators 

yey give weight to any given argument and their ordered positions 
(,))) too. 


Definition 5: 

Let BG =1.2,3.4..n) be a collection of BPVHFEs, 
= (cys Cy, dg, Cge on a is their weight vector 
with w, € [0,1] and =,w,=1, 'n' is the balancing 

afar yar coefficient and a” = Cw" ,.a"y, 7p, wy.) be the 
GEPVHFOW G (Fb, Hb. Hb, ) = F (80 He) } aggregation associated weight vector of Hp, (j = 1,2,3,4...) 
with w% € [0,1] and 2 ,'| = 1. Then 
l. The BPVHFHA operator is a mapping 
BPVHFHA: W” — W such that 


BPVHFHA (th, , Ib, ... bn) = @ ( ben) 


- f [Ic a) aes l |- IG Sa) ' tan E bza 5) 


{f0.486197, 0.559494, 0.458391, 0.526553, 0.513531, 0.589892, 0.484162, 0.556156}, {-0.22108, 
~0.2, 0.17383, 0.15147, -0.19307, -0.17123, 0.14412, -0.12095}} 
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where Hh is the ;-** largest 
of = nwb; (k = 12,3...) 


2. The BPVHFHG operator is a mapping 
BPVHFHA: W” — W such that 
71 7 5. 
BPVHFHG(th,. Fh, ... Fb, ) = g (ei y"! 
= i Gol t, ri E Pbre li- 1- f (-(-1 — ‘atp)) Jio = bri 
Jel | L Fl | | 
here Fh, 3 is the r** largest of fb = Hb, * (k = 1.2.3.....n) 
3. A GBPVHFA operator is a __ function 


GEPVHFHA:¥" — P, such that 


i 


GEPVHFH Ap (b bz Eba) - (8 (a) 


with p => 0 


1 
: YT; 
= ( I] (1- oa m ‘ ow = Wi 


Į=1 k 


here Fh. q@ is the mit largest 


of fb = nw, Fb, (k = 1,2, 3... 
4. A GBPVHFHG aTe is a 


GEPVHFHG: ¥" — w, such that 
GBPVHFH G, (fb, Pba, ... Bn) = 


(lban) ') 


with p = 0 


= h- -[]¢- (1- eal) ye o ca 
|= Gi (- (-1 - ea) S o - 3 


here Ebet is the mi” largest of i = Hh, * (k = L23, m, 1) 


function 


IV. MULTI-ATTRIBUTE DECISION MAKING BASED ON 
BIPOLAR VALUED HESITANT FUZZY SETS 


In this section, we describe a brief technique to deal with 
MADM problems using BPVHF aggregation operator in 
which a DM provide information in bipolar valued hesitant 
fuzzy decision matrix and every element is characterized by 
BPVHFE. 


Consider that we have n substitutes 414 = 14.3.4...) 
with m attributes Ki (j =1,2,3,...m) and assume that 
W = (Wye Was nes Wi) be the weight, vector such that 
w a L, i], j= 12,3..m and i sj21®@j = 1. The decision 
ies assigned values in the form of BPVHFEs (F5i;) for the 


substitutes “i under the attributes “i in the state of being 
anonymous. 
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The DM method is based on the following steps: 

Step 1: 

This is the step of decision matrix formation as each 
alternative à; has assigned some values in the form of 


BPVHFEs (4;;) under some attributes “7. 

Step 2: 

In this step, BPVHFE «#,(j = 1,2,3,...,2) can be obtained 
for the substitutes A. (i = L24.. n} by using bipolar-valued 
hesitant fuzzy hybrid operators. 

Step 3: 

By applying score function (accuracy function) we get the 
§(a,).@ = 1.2,3,...0) ypa G= 12.3.4) 


accuracy value 

Step 4: 

To get the most suitable alternative AGS 12,3,...7) we 
established an order in the score 


values s(a). G = 123, .... n) 


Example 2: 


A cricket board needs a head coach for their cricket team. 
The cricket board advertised the post in a news paper and a 
number of candidates applied for the post. Based on their 
history in the cricket field initially 4 candidates are called for 
an interview. The cricket board is going to appoint a coach 
who possesses the qualities like hard working, Creative, 
Committed and skillful. For the better future of cricket in the 
country, the cricket board needs to appoint the most suitable 


+ 

ue = {Ay Bg, Bg By} be the set of 
iG ae Kgs Kg} 

cual (0.25, 0.23, 0.35,0.17. 


substitutes 
„the set of attributes and let 


be the weight vectog of the 


attributes “14 = L234) and a) = (0.3, 0.4, 0.2, 0.1)7 be the 


ageregation associated weight vector. 


CONCLUSION 


In our treatise, we successfully apply aggregation operators 
of BPVHFSs in a DM problem. The results clearly indicate that 
either we use BPVHF hybrid averaging operators or BPVHF 
hybrid geometric operators, we get the same results. Hence 
these two aggregation operation can be very useful in DM 
especially in two-sided DM. Future research will involve the 
generalization to  bipolar-valued hesitant neutrosophic 
information and its aggregation operators. 
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